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Abstract—Compressive sensing (CS) can reduce the number
of data transmissions and balance the traffic load throughout
networks. However, the total number of data transmissions
required in CS method is still large. It is observed that there are
many zero elements in the measurement matrix. In each round of
data transmission in CS method, the sensor nodes corresponding
to the zero elements in the measurement matrix do not have
their own data to transmit. To further reduce the number of
data transmissions in the network, we aim to compute a data
gathering tree by taking advantages of these zero elements in
the measurement matrix, such that the total number of data
transmissions is minimized. We formulate the problem as linear
programming with boolean variables. The problem is NP-hard.
We propose heuristic algorithm to compute the Minimum Trans-
mission Tree (MTT) for data gathering in CS methods. The MTT
algorithm constructs a spanning tree by iteratively including the
edge whose average incremental transmission cost is minimum.
The simulation results demonstrate that our algorithm can reduce
the number of transmissions significantly, compared with the
methods using minimum spanning tree (MST), shortest path tree
and the CS method with nonzero measurement coefficient using
MST.

Keywords: compressive sensing, data gathering, wireless sen-
sor networks

I. INTRODUCTION

Data gathering is a basic function of wireless sensor net-
works in various applications [1], [2]. The emerging technol-
ogy of compressive sensing (CS for short) [3]-[5] opens a new
frontier for data gathering in sensor networks [6]. CS method
can substantially reduce the amount of data transmissions and
balance the traffic load throughout the network.

The basic idea of CS works as follows. Suppose the system
consists of one sink node and n sensor nodes for collecting
data from the field. Let  denote a vector of original data
collected from sensors. Vector x has n elements, one for each
sensor. In CS, x can be represented by Vs, i.e., x = Us, where
W is a n x n transform basis, and s is a vector of coefficients. If
there are at most k& nonzero elements in s, x is called k-sparse.
When £ is small, instead of transmitting n data to the sink,
we can send a small number of projections of x to the sink,
that is, y = ®x, where ® is an m x n random matrix and y is
a vector of m projections. At the sink node, after collecting
vy, the original data x can be recovered. Some recent research
has been done on how to apply CS theory to data gathering
in sensor networks, such as [7]-[9].

In data gathering by using CS, each node has to transmit
m data projections to the sink, as shown in Fig. 1. The total
number of transmissions for collecting n data items is mn,
which is still a large number. It is observed that there are
many zero elements in matrix ®. In each round of projections,
the sensor nodes corresponding to these zero elements do not
have their own data to transmit. To further reduce the number
of data transmissions, we need to generate a routing tree that
spans only the nodes that participate in this round of data
transmission. Literally, for each round of transmission, we
need to use a different routing tree that minimizes the data
transmissions in this round. However, this would result in
the use of m trees for m rounds of data transmissions. By
using too many trees, it incurs high overhead for each node to
keep and maintain the trees, and it also brings difficulties for
synchronization of data transmission in each round. Therefore,
the better idea is to construct one data gathering tree and this
tree minimizes the total number of data transmissions.

Our problem is NP-hard. We propose a heuristic algorithm
to compute Minimum Transmission Tree (MTT for short). The
MTT method iteratively includes the edge whose average in-
cremental transmission cost is minimum to the tree. Extensive
simulations have been done to evaluate the performance of
MTT against the CS methods using shortest path tree (SPT),
minimum spanning tree (MST), and the CS method without
zero measurement coefficients using MST. The results show
that MTT can reduce the number of transmissions significantly.

The rest of the paper is organized as follows. Section II
presents the related work on the data gathering of CS. The
system model and problem formulation is presented in Section
III. Section IV focuses on the discussion of MTT algorithm
and its analysis. Section V presents the simulation results,
followed by the conclusion in Section VI.

II. DATA GATHERING TREES FOR COMPRESSIVE SENSING

The new technology of CS [3]-[5] motivates the investiga-
tions on data gathering with CS [6], [7]. The data gathering
with CS in the two dimensional area is conducted along the
tree structure in Fig. 1. In the i*" round of projection, each
node generates a random measurement coefficient ¢;;, and
computes the data term ¢;;x; for node v;. Each leaf node
transmits its term to the parent node. Once the parent node
receives data from all its descendant nodes, it can add its own
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data term and all received data terms together and then send
it to its upper parent node or the sink node. When the sink
node receives data from all its descendant nodes, it adds them

to form the i*" projection. When the sink nodes collect m

projections in the above way, it can use ¢;-norm minimization
[10], [11] to recover the n original data.
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Fig. 1. Data gathering with CS in the tree structure.

Authors in [7] analyzed the network capacity when CS is
utilized in data gathering and proved that the capacity gain
is proportional to the sparsity level of sensor data. Although
researchers stated that the total transmission number can be
reduced when the number of projections is low enough.
However, if the required number of projections increases, then
the total number of transmissions may be larger than the case
without CS.

Authors in [12] researched how large throughput can be
achieved with or without CS, or with the hybrid scheme,
where CS is only applied in the nodes whose incoming traffic
is beyond the threshold, the traffic when CS is applied. The
authors stated that application of CS in the simple scheme may
bring no obvious throughput improvement, but application
of CS in hybrid scheme can achieve significant throughput
improvement. Authors in [8] designed the data gathering
scheme, where in each round of projection m furthest nodes
away from the sink send their original data directly to one of
the remaining nodes which apply the CS. They proved that
this scheme can reduce the transmission cost.

The previous researchers considered the number of trans-
missions, but they missed the fact that measurement matrix ¢
is possible to have many zero elements, such as the one made
from the following distribution [5], [13]:

+1 with probability 1/6
bij =V3x<{ 0 2/3 . (1)
-1 1/6

They did not consider to save the transmission cost by building
an efficient data gathering structure. In this paper, we aim at
computing an minimum transmission tree for CS.

III. SYSTEM MODEL AND PROBLEM FORMULATION

The system is modeled by a graph G =< V| E >, where
V' consists of the sink node vy and n sensor nodes. If node
v; and node v; in V' are within the communication range of
each other, then there is an edge between v; and v;, i.e. e =
(vs,v;) € E. Without loss of generality, in system model, we
assume all edges have the reliability as 1, and the cost of each
edge for one transmission is 1.
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Our task is to generate a data gathering tree 7' that is used
for transmissions of all m projections. Given a measurement
matrix ®, when there are many zero elements in ®, each
round of projections only involves a subset of nodes in the
network. Let T} denote the subtree of 71" which is used for
the transmission of i*" round of projection, and L(7}) denote
the set of leaf-nodes in 7;. The nodes in L(T;) correspond to
nonzero elements in it" row of ®, that is

¢’L] #0, V'Uj 6.[/(1—‘1)77,:]_,27 ,m.
Denote
i = 1 eeT; and _ 1 eeT
T, = 0 €¢T'1 ) Te = 0 €¢T

The cost of each edge for m rounds of transmission is defined

as
m

Ce = g xL.
i=1

The transmission cost of data gathering tree T' for m projec-
tions is Y ¢, which is sum of the cost of all subtrees:

ecT
m m m
i %
D=2 > w=) > w=) C),
ecT ecT 1=1 i=1e€eT; =1

where C(T;) is the cost of T;.

The connectivity in the tree 7' between the sink node vy
and the other nodes in V' can be expressed as follows. Given
any vg — v cut @, one of the edges in the crossing set §(Q)
must be in 7. Thus, we express the connectivity as

Y z.>1, Q€F,
e€5(Q)
where §(Q) = {(u,w) € E: {u,w}NQ| =1}, and F is the
set of cuts between the sink and the sensor nodes,

F={Q:|Qn{vp,v} =1,ve€V\{vg}}.

Since all nodes in the graph participate in the transmission
of projections, our problem is to construct data gathering tree
which spans all the sensor nodes and minimizes the total
transmission cost. The problem can be formulated by linear
programming with boolean variables as follows.

min E Ce

ecT
subject to:
z. € {0,1}, 2)
Y w>1, Q€F, 3)
e€5(Q)

Ce=) al. (4)

i=1
(bij;éO, VU]' EL(Ti),i:L”- , M. 5)

Eq. (2) presents the boolean property of the variable x. and
Eq. (3) states the connectivity between the sink and sensor



nodes. Eq. (4) calculates the cost of each edge for m rounds
of transmission. Eq. (5) presents the leaf-nodes of subtree T
correspond to the nonzero elements in the ith row of ®, where
T; is used for the transmission of *" round of projections.
This problem is NP-hard. Therefore, we propose the heuristic
algorithm MTT in the next section to solve it.

IV. HEURISTIC ALGORITHM

Given G =< V, E > and the measurement matrix &, the
MTT algorithm iteratively includes one edge into the tree and
finally computes a spanning tree 7. Let T” denote the subtree
constructed in each iteration. Let V' denote the set of nodes
in the subtree 717, and U’ denote the set of nodes unconnected
to 77, that is U’ = V\V". In each iteration, we choose one
edge which connects a node in U’ to T".

Our algorithm starts from the sink node, initially 7" contains
only the sink node, at each iteration we evaluate all edges that
connect nodes in unconnected set U’ to 7’. The adding of
new edge would induce the increment of transmission cost. We
choose the edge whose average incremental cost is minimum
among all edges, and add it to the tree to minimize the
transmission cost of data gathering tree.

Given the subtree 7" constructed so far, we discuss how
to calculate the incremental cost of edges in the following
part. Since sensor nodes in the subtree participate in different
rounds of transmission, we calculate the incremental cost of
edge by adding the incremental cost for each round. Let
C;H(T’,e) denote the incremental cost of subtree T if edge
e is added into 7" for " round of transmission, where
e = (u,v) connects the node u in the set U’ to the node v in
the subtree 7”. Let CT (7", e) denote the incremental cost for
all m rounds of transmission. The incremental cost of edge e
can be calculated by adding C;" (T, e) for all rounds in which
node v has own data to transmit, that is

= > CHT'e

1€ER(u)

CH (T e

where R(u) is the set of rounds in which node u has own data
to transmit.

The data gathering tree is used to collect all m projections.
For each round of projection, subset of nodes in the subtree T”
participate in transmission, either have own data to transmit or
have received data to relay, the data of new node can be relayed
by this subset of nodes without extra cost. While another
subset of nodes, that neither have own data to transmit nor
have received data to relay, do not participate in this round of
transmission. When these nodes relay the data of new node,
the extra cost is generated. To calculate the incremental cost,
it is needed to get the subset of nodes that do not participate
in certain round of transmission. We search the first node that
participates in a round of transmission among the upstream
nodes of new node, then the downstream nodes of target node
have no transmission. The incremental cost can be calculated
by it.

As Fig. 2 shows, given the subtree 7" constructed so far,
we calculate the incremental cost of edge e = (u,v) for i
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Fig. 2. Calculating incremental cost of edge for one round of transmission.

round of projection. The solid nodes participate in 7*" round of

transmission. Let s;(u) denote the first node that participates
in this round of transmission, along the path from node v to
the sink node. All upstream nodes of node s;(u) participate
in this round, while the downstream nodes of node s;(u) do
not participate in. To relay the data of node u, the downstream
nodes of node s;(u) generate the transmission cost. Thus, the
incremental cost C;7 (17, e) of edge e for it" round is the cost
of links which are related to this subset of nodes, that is

CH(T',e) = C(v, si(u)) + 1,

where C(v, s;(u)) is the cost of links between node v and
node s;(u) in subtree 7".

The data gathering tree constructed in our algorithm is used
to transmit all m projections, while the node u added into the
subtree T” only participates in several rounds of projection.
Each node wu transmits different number of rounds, that is
|R(w)] is different. The larger number of rounds means that the
incremental cost of edges would be smaller in the following
iterations. Therefore, we consider the average incremental cost
of each edge, that is

= G

Cr+
1€ER(u)

e)/|R(u)l;

where |R(u)| presents the number of rounds in which node u
transmits its own data. In each iteration, we choose the edge
whose average incremental cost is minimum to minimize the
total transmission cost.

As shown in Algorithm 1, the MTT algorithm iterates n
times to build a spanning tree 7. Initially, 7’ contains only
the sink node. At each iteration, we calculate the incremental
cost and average incremental cost of all edges that connects
nodes in unconnected set U’ to T'. We choose the edge e*
whose average incremental cost is minimum among all the
edges, and add e* into 7. It is necessary to update the related
variables. The above process is repeated until all sensor nodes
are in 7”. The final 7" is the data gathering tree T' with the
root of vy and connecting the nodes in V.

To calculate the incremental cost of edges, it is necessary
to know the subset of nodes that have no transmission in a
round. We can get that each node u has own data to transmit in
rounds R(u) from & at the beginning of algorithm. However,
it is possible that the node has no own data to transmit but
has received data to relay in a set of rounds. This set changes
after each iteration in the MTT algorithm. Since after adding



Algorithm 1 Heuristic MTT Algorithm
Input: G =<V, E > and 9;
1: Initialization:
2: T = {'Uo}, V' = {’Uo}, U' = V\{’Uo};
3: Get R(u) from @, for u € U’;
4: while U’ # 0 do
for ¢ = (u,v) € E, where u € U, v € V' do
Calculate incremental cost C* (7", e);
Calculate average incremental cost C* (77, e);
end for
Choose the edge e*, whose average incremental cost
C_’+(T’ ,€) is minimum, and add the edge e* into T”;
10:  Update the related variables U’, V',
11: end while
Output: Data gathering tree T = T’ with the root of vy and
connecting the nodes in V.

R A4

new edge e¢* = (u*,v*) into the tree 7", when node u* has
own data to transmit in certain rounds of projection, the nodes
along the routing path have to relay these data. Therefore, it is
required to record the rounds in which each node relays data
after each iteration.

Given the subtree 7" constructed so far, the cost of new
tree 7" U {e*} is the sum of incremental cost and the cost of
subtree 7", that is,

C(T' U{e"}) = C(T') + CHT, "),

where C(T") is the cost of subtree 7”. The cost of data
gathering tree T' can be calculated by adding the incremental
cost of all edges. The following theorem proves this cost is
equal to the definition in section III.

Theorem I. The sum of incremental cost Y, CT(T”,e) is

ecT
m

equal to the cost Y _ ¢, of tree T', where c, is the cost of each

=1
edge for m rounds of transmission.

Proof. Given ¢ = (u,v), according to the calculation
method of incremental cost, we have
> CH(T",e)
ecT (6)
= > 2 (Cv,si(u) +1).
e€T i€ R(u)

After adding the edge e = (u,v) into the tree, we have
C(v,s;(u)) +1 = C(u,si(u)). Furthermore, ¢ € R(u) is
equivalent to uw € V;, where V; is the set of nodes which
involves in the i*" round of data transmission. Thus, Eq. (6)

is equal to
>0 Clu,si(u). (7)

i=1 ueV;

When evaluating edges in our algorithm, s;(u) is the first node
that participates in the i*" round of transmission among all
relay nodes of node w. For i*” round of transmission, when
the nodes in V; are connected to the tree, the cost of links
that have no transmission previously, that is C(u, s;(u)), adds
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up to the cost of subtree T}, which is used to transmit the i*"
round of projection. Therefore, the i* term in Eq. (7) is the
transmission cost of subtree 7. Thus, the sum of incremental
cost is equal to the sum of the cost of all subtrees.

Y CH(Te) = C(T).
ecT
Since we get that the cost of tree 1" is the sum of the cost of

all subtrees in section III. It can be induced that the sum of
incremental cost is equal to the cost of tree T'. That is,

Z CH (T, e) = Z Ce.
i=1

ecT
V. SIMULATIONS

In our simulations, we set the sparsity £ = 0.05n and the
number of projection m = 4k = n/5. Given the m X n
measurement matrix ¢ generated as follows,

i = 1 with probability 1/3
W= 0 : 2/3

we build the data gathering tree for m rounds of transmission
in networks with different scale.

We simulate on the lattice topology and the arbitrary topol-
ogy. The lattice topology contains the same rows and columns,
and any nodes not at the border of the network only can
communicate with four neighbors. The sink node locates at the
center point of the network. In arbitrary topology the nodes
are deployed uniformly in a fixed area with sink at the center.

In our simulations, we use the number of transmissions
to evaluate the performance of the CS method using MTT,
compared with the CS method using MST, SPT and also the
CS method with nonzero measurement coefficient using MST
(MST-CS for short).

A. Reliable networks

We first consider all links in network have the reliability of
1. Fig. 3 shows the number of transmissions using different
data gathering methods in the lattice topology. It is shown that
MTT has the smallest number of transmissions, while MST-
CS has the largest number of transmissions. Fig. 4 shows the
reduction ratio of transmission number of MTT over other
methods. The reduction ratio in the case of m = n/2 is
similar to that in the case of m = n/5. It demonstrates that
performance improvement of MTT algorithm over MST and
SPT is insensitive to the number of projections m, although
more transmissions are needed.

In Fig. 4(a), the reduction ratio of MTT over MST and SPT
increases when network consists of more nodes. The reduction
ratio of MTT over SPT is up to 28% in the lattice network of
400 nodes, and the reduction ratio of MTT over MST is up
to 38% in the lattice network of 400 nodes.

It is noticed that when the m X (n/3) measurement matrix
with nonzero element is used in CS method, the number of
transmissions is mn /3 in reliable networks, and it is 67% less
than that of MST-CS with m x n ®. Since the measurement



)

~
e

The number of transmissions (100
N

sz w2 102 22 e 1e2 2 202
The number of nodes in the lattce topology

Fig. 3. The number of transmissions in the lattice topology

M
o

E
=TT over wsT

|-e—MTT over SPT

0 |4~ MTT over MST-CS|~

2

8

3

e-o—t——3-3

=
oo
s

The reduction ratio of number of transmissions
The reduction ratio of number of transmissions (%)

w2 w2 w2 w2 we te2 1wz 202
The number of nodes in the lattice topology

W s w0 120 10 te0 10 20
‘The number of nodes in the arbitrary topology

(a) lattice topology (b) arbitrary topology

Fig. 4. The reduction ratio of transmission number in reliable networks

matrix used in our simulations has 1/3 nonzero elements at
random, the reduction ratio of transmission cost of MTT over
MST-CS is always lower than 67%. In Fig. 4(a), the reduction
ratio of MTT over MST-CS decreases little when the network
consists of more nodes. It is about 47% in the network of
400 nodes, which is less than 67%. It demonstrates that MTT
algorithm has significant reduction of the transmission number.

Fig. 4(b) presents in arbitrary topology the largest reduction
ratio of MTT over the better one between MST and SPT
is about 10%. However, the reduction ratio of MTT over
MST-CS is up to 67%. According to the above analysis, it
demonstrates that MTT algorithm is near to optimal solutions
in this situation.

B. Unreliable networks

The algorithm in this paper can be easily extended to the
unreliable networks. In our simulations, the reliability of links
is chosen uniformly at random from {1, 1/2, 1/3}. Fig. 5(a)
presents that the reduction ratio of MTT in unreliable networks
of lattice topology is smaller than that in the reliable networks.
The reduction ratio of MTT over SPT is up to 20% in
unreliable networks, while it is up to 28% in reliable networks;
the reduction ratio of MTT over MST in unreliable networks is
about 10%, while it is 38% in reliable networks. The reduction
ratio of MTT over MST-CS in unreliable networks is 5% less
than that in reliable networks, and it is still above 40%.

Fig. 5(b) shows that in arbitrary networks when the network
size is larger than 100 nodes, the reduction ratio of MTT over
MST is above 10% and that over SPT is above 20%. The
reduction ratio of MTT over MST-CS in unreliable networks
is about 10% less than that in reliable networks. The largest
reduction ratio is up to 60% in the network of 200 nodes,
which is near to the optimal value 67% in reliable networks.
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VI. CONCLUSION

In this paper, we reduce the number of transmissions in data
gathering using CS by building the minimum transmission data
gathering tree. It should be noted that we consider the scenario
where the measurement matrix has many zero elements. We
first formulate the problem into linear programming with
boolean variables. We further develop the heuristic algorithm
MTT, which builds a spanning tree by iteratively including the
edge whose average incremental cost is minimum. Simulation
results demonstrate that MTT can reduce the number of
transmissions significantly compared with the methods using
MST, SPT and also the CS method with nonzero measurement
coefficient using MST.
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